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Introduction
In confocal and multiphoton microscopy, the investigated object is usually mounted in a medium with an index of refraction, n 2 , which is different from that of the immersion medium, n 1 . For example, most fixed biological specimens are mounted in glycerol (n 2 ¼ 1·46) whereas the refractive index of the cover-slip and oil immersion system is higher (n 1 ¼ 1·51). Similar and even stronger mismatches are encountered in the materials sciences, for instance when focusing from air or vacuum into silicon or photorefractive media. The disparity between the refractive indices significantly aberrates the point-spread function (PSF) in the second medium. The effects of these aberrations can be listed as a reduction of the peak intensity of the PSF, shift of the location of the main maximum along the optical axis, decrease of axial and lateral resolution, and changes in the focused wavefronts (Born & Wolf, 1993) . Quantitative three-dimensional microscopy inevitably requires these effects to be taken into account (Sheppard & Wilson, 1979) , either by trying to avoid them through proper index matching, by compensating them optically (Sheppard & Cogswell, 1991) , or by image post-processing (Carlsson, 1991) .
The ubiquity of this problem has spurred many researchers to contribute to this field, both experimentally and theoretically (Ling & Lee, 1984; Wilson & Carlini, 1989; Carlsson, 1991; Gibson & Lanni, 1991; Sheppard & Cogswell, 1991; Dhayalan & Stamnes, 1998; Egner et al., 1998) . For a more complete list of references see the volumes by Stamnes (1986) , Wilson (1990) , Pawley (1995) , the recent paper by , and the references therein. In 1993, Hell, Reiner, Cremer and Stelzer presented an equation based on a vectorial calculation that consistently explained effects observed in confocal microscopy as a direct consequence of the aberrated PSF (Hell et al., 1993) . This publication provided quantitative predictions about the resolution, image brightness and axial scaling, as a function of aperture, wavelength and refractive indices for practical confocal fluorescence microscopy. In addition, theoretical predictions from this theory, such as the axial drop in intensity and the focal shift, were compared with experimental data and found to be well in agreement. A significant part of the original publication was included in a textbook on biological confocal microscopy (Pawley, 1995) .
The equation by Hell et al. uses the Huygens-Fresnel construction to calculate the aberrated PSF in the second medium. The phase of the converging wavefront was established by calculating the least path between the point of origin and the point of integration in the sample, as found by applying Fermat's principle. The vectorial character of light was accounted for by decomposing the focused electric field and applying the Fresnel refraction coefficients at the interface. The high aperture PSF was obtained by substituting the amplitude and phase into Kirchhoff 's diffraction integral. In the expression for the field amplitude the focal length was assumed to be infinitely large with respect to the wavelength, but not so for the phase term. This is appropriate since the phase term has an immensely stronger influence on the PSF; the effect on the amplitude is negligible. The numerical calculation of the phase term involved the calculation of a least path that rendered the method comparatively slow. The work was extended for two-photon confocal imaging (Jacobsen et al., 1994) and results were published for a range of practical excitation and emission wavelengths (Jacobsen & Hell, 1995) .
More recently, Török and coworkers (1995a,b ) also derived equations on the vectorial calculations of the PSF for index mismatch induced spherical aberrations based on the Debye approximation. Their approach can also be regarded as an extension of the calculations by Richards & Wolf (1959) , who decomposed the focused spherical wavefront in a spectrum of planar waves using the principle of stationary phase. Polarization-dependent refraction effects are also accounted for in their work by applying the Fresnel equations for each planar wave in the wave spectrum. The numerical evaluation of the derived formula is computationally less intensive than the Huygens-Fresnel method since it does not involve a minimization of the light path and, in the case of rotational symmetry along the optical axis, implies only a one-dimensional integral. This approach was later extended to the calculation of the PSF of confocal microscopes (Sheppard & Török, 1997) . It was applied under similar conditions as the calculations by Hell et al. (1993) and found to agree broadly with them.
While the more recent approach (Török et al., 1995a,b ) brought about valuable improvements in computational speed and flexibility, these papers (Török et al., 1995b; Sheppard & Török, 1997; also argued that the equations and data by Hell et al. (1993) might not be rigorously correct. Therefore, we have revisited the issue and compared the two approaches directly. We now show that the two formulae are equivalent for any practical situation in high aperture microscopy. In fact, if the assumption on the focal length made in the equation by Török et al Török et al. (1995b) immediately follows analytically from the latter.
Calculation of the aberrated PSF
Given linearly polarized illumination in the x-direction (f 0 ¼ 0), a focal length f, refractive indices n 1 and n 2 , in the immersion (first) and the mismatched (second) medium, respectively, Hell et al. (1993) obtained for the intensity-PSF:
f denotes the azimuth angle and v 1,2 are the polar angles in the first and second medium, respectively (Fig. 1 ). The angle a is the aperture angle of the lens and therefore the upper boundary for v 1 . The Fresnel transmission coefficients for sand p-polarized light t s,p are given by 
Fig. 1. Focusing through a dielectric interface.
Fig. 2.
Geometry of the problem. In the undisturbed case a ray propagating from the point fq on the aperture to the observation point r travels the paths. In the presence of refractive index mismatch the ray propagates along the pathss 1 ands 2 .
respectively. P(v 1 ) denotes the amplitude of the converging focused wavefront which, for aplanatic systems, is given by
. A i is a normalization constant and is proportional to the total amplitude of the transmitted light. s 1,2 denote the paths travelled by the light from the point on the converging spherical wavefront with the coordinates [f, v 1 , f], to a point P at the positionr in the second medium (Fig. 2) . l is the vacuum wavelength and k 1,2 ¼ 2pn 1,2 /l the wave number. k 0 ¼ 2p/l is the wave number in vacuum. The absolute phase factor (¹n 1 f) was not included in the original publication since it has no influence on the intensity PSF. The same applies to a negative sign in the z-component of the field which is ineffective in the modulus square bracket. The published equations (Hell et al., 1993) are therefore valid for calculating the intensity PSFs required. Török et al. (1995a,b) decomposed the converging, spherical field at the exit pupil of a high aperture lens into a spectrum of planar waves. This decomposition is obtained by using the principle of stationary phase, taking into account only first-order contributions from critical points of the first kind (Van Kampen, 1949) . This implicitly assumes that the focal length is infinitely large with respect to the wavelength of the focused light or, for a given aperture angle a, that the Fresnel number N ¼ sin 2 (a) × n 1 f/l becomes infinitely large. For a finite N, this decomposition into a planar wave spectrum is an approximation due to second-order discontinuities. The next step is to compute the transformation of the planar wave spectrum into an 'aberrated' planar wave spectrum in the second medium using Fresnel's equations (2). Finally, the field in the second medium is given by the Fourier transformation of the spectrum of the 'aberrated' planar waves. By expressing the point P atr in polar coordinates (r p , v p , f p ) and introducing the optical coordinates
Török et al. obtain for the intensity PSF:
(Note that the subscripts P refer to the point P and not to the polarization.) The integrals I n are given by:
J n are Bessel functions of the first kind and nth order. The aberration function
FðdÞ ¼ ¹dðn 1 cosðv 1 Þ ¹ n 2 cosðv 2 ÞÞ ð6Þ depends on the nominal focusing position d, which is the distance of the Gaussian focal point, i.e. geometric focus without aberrations, from the interface. As compared to the original paper we have preferred to rename v and J. The distance d is also chosen so as to be a positive value.
Huygens-Fresnel approach for infinitely large Fresnel numbers
It is now interesting, in addition, to investigate the Huygens-Fresnel based equation (1) in the limit of high Fresnel numbers N. The direct comparison of the outcome with equation (4) should reveal any residual differences. In fact, the reason why the evaluation of (1) is time consuming is that the optical paths s 1 , s 2 and hence the phase term (k 1 s 1 þ k 2 s 2 -k 1 f) cannot be computed analytically for a finite f/l. It seems that the paths must be evaluated numerically, for instance by applying Newton's algorithm. However, the situation changes completely when we also assume in the high aperture lens that the focal length is very long with respect to the wavelength, f/l → ∞, i.e. N → ∞. As shown in the Appendix, the phase term is given in this case by:
where r p k considers the part of the exponent which does not depend on d. Importantly, all f-dependent variables are included in k which is given by:
F(d) corresponds exactly to the aberration function (6) by Török et al.
Having found the phase factor of (1) for the limiting case of N → ∞, we proceed with the integration over f. For this purpose, we rewrite the vectorial pupil function using the following identities: 
The expression in brackets of Eq. (1) can be written as:
By substituting (10) and (7) in (1), considering the identities 2p
and introducing the optical coordinates (6) we obtain:
with the integrals I n as defined in (5). Equation (12) is the N → ∞ solution of (1) and is identical to the formula by Török et al. (4) .
Validity of the high Fresnel number approximation
Although the two equations are differently motivatedKirchhoff 's diffraction integral vs. Debye approximationtheir identity is obtained simply by assuming N → ∞ in the Kirchhoff approach. Therefore, we now assess the effect of a large but finite focal length in a high aperture microscope, as predicted by (1). We calculate the intensity PSF of a 1·35 numerical aperture oil immersion objective NA ¼ n 1 sin a, n 1 ¼ 1.518, when focusing d ¼ 10 mm deep into (a) oil (n 2 ¼ 1.518) which is the aberration-free case, (b) glycerol (n 2 ¼ 1.46), and (c) water (n 2 ¼ 1.33). The nominal focusing depth d represents the depth to which the light would be focused if no aberrations were present. We further choose a vacuum wavelength of l ¼ 818 nm, as often encountered in two-photon excitation microscopy. In order to investigate the effect of the finite focal length we used (1) to calculate the intensity PSF for f ¼ 0.2 mm, 2 mm, and 20 mm, as well as for the limiting case of f/l → ∞ of Eq. (12) which corresponds to the formula by Török et al. (3) . The corresponding Fresnel numbers are N ¼ 293.54, N ¼ 2935.4, N ¼ 29354 and N → ∞, respectively. The value of f ¼ 2 mm is a fairly typical focal length for high aperture lenses. Figure 3 shows the normalized intensity PSFs h(0,0,z) ¼ jẼ(0,0,z)j 2 along the optical axis. In the case of focusing into (a) oil or (b) glycerol, and for all chosen values of f, the curves virtually superimpose on each other. Even in the case of focusing into water, noticeable differences become apparent only for significant departures from the f/l → ∞ limit. In Fig. 3 this is demonstrated for f ¼ 0.2 mm. To emphasize the small differences, Fig. 4 also depicts the departure D between the PSF for f/ l → ∞ and that obtained for finite focal lengths f,
The value of D is shown as a percentage value of the maximal focal intensity. D is very small for oil and glycerol and becomes only as large as Ϸ 5% for the most unfavourable case of focusing with f ¼ 0.2 mm into water. Similar results are found for the lateral profiles of the intensity PSF (data not shown).
Since it appears impossible to rigorously establish the diffracted field in the focus for a finite focal length, we do not claim that the results predicted by (1) are the ultimate solution for dealing with a finite f. Nevertheless the N → ∞ approximation will increasingly fail with decreasing f/l, increasing d/l, and increasing refractive index mismatch. As pointed out by Stamnes (1981) ϳ l/f for the case of small aberrations (oil/glycerol; d ¼ 12l) and are proportional to √ l/f for stronger aberrations (oil/ water; d ¼ 12l). This is related to higher-order terms that are ignored when assuming f/l → ∞. Nevertheless, the dependence of the intensity PSF on the assumed value of f/l is too small to be relevant or measurable in the high aperture systems encountered in biologically orientated microscopy. We further note that the Fresnel number of high aperture lenses is high enough to justify the derivation of an aberration function in most practical cases (Sheppard & Cogswell, 1991) .
Following Visser et al. (1991) , in the initial calculation of the refractive index mismatched confocal PSF (Hell et al., 1993) , a uniform detection aperture was assumed. It has been rightly pointed out by Sheppard & Gu (1993) that, due to symmetry reasons, the aplanatic factor of √ cos(v 1 ) should apply not only for illumination but also for detection. Consequently, an aplanatic detection wavefront was used in the following publication (Jacobsen & Hell, 1995) . However, we note that the effect of this factor on the intensity PSF is smaller than 4% of the main maximum (for n 1 ¼ 1·518, n 2 ¼ 1·46, d ¼ 10 mm, NA ¼ 1·35, l ¼ 818 nm) and less than 2% in the confocal fluorescence PSF. This is too small to be of any relevance in a practical situation.
Conclusion
We compared two vectorial theories for calculating the PSF when focusing through a dielectric interface, namely the Huygens-Fresnel based theory (Hell et al., 1993) , with the more recent Debye approximation based theory (Török et al., 1995b) . We found that the latter is readily derived from the first by setting N → ∞. Therefore, it does not supersede previous results on the aberrated intensity PSF but confirms them. Because of its simplicity in rotationally symmetric cases, we fully recommend it for calculating refractive index mismatched PSFs whenever it is appropriate (Egner et al., 1998) .
Our results also indicate that for small focal lengths (f < 0.2 mm), large nominal focusing positions d, or a strong mismatch between the media, the effect of the finite focal length will play an increased role. In biological microscopy, however, this question might prove of academic interest and relevant only in conjunction with a fundamentally improved experimental sensitivity. 
